Certain covariant theories of the modified Newtonian dynamics paradigm seem to require an additional hot dark matter (HDM) component -in the form of either heavy ordinary neutrinos or more recently light sterile neutrinos (SNs) with a mass around 11eV -to be relieved of problems ranging from cosmological scales down to intermediate ones relevant for galaxy clusters. Here we suggest using gravitational lensing by galaxy clusters to test such a marriage of neutrino HDM and modified gravity, adopting the framework of tensor-vector-scalar theory (TeVeS). Unlike conventional cold dark matter (CDM), such HDM is subject to strong phase-space constraints, which allows one to check cluster lens models inferred within the modified framework for consistency. Since the considered HDM particles cannot collapse into arbitrarily dense clumps and only form structures well above the galactic scale, systems which indicate the need for dark substructure are of particular interest. As a first example, we study the cluster lens Abell 2390 and its impressive straight arc with the help of numerical simulations. Based on our results, we outline a general and systematic approach to model cluster lenses in TeVeS which significantly reduces the calculation complexity. We further consider a simple bimodal lens configuration, capable of producing the straight arc, to demonstrate our approach. We find that such a model is marginally consistent with the hypothesis of 11eV SNs. Future work including more detailed and realistic lens models may further constrain the necessary SN distribution and help to conclusively assess this point. Cluster lenses could therefore provide an interesting discriminator between CDM and such modified gravity scenarios supplemented by SNs or other choices of HDM.
I. INTRODUCTION
The current concordance model of cosmology has been remarkably successful in forming a consistent picture on the largest physical scales. For instance, it provides suitable explanations for the observations on supernovae Ia [1] , large-scale structure [2, 3] , weak lensing [4] , and the cosmic microwave background (CMB) [5, 6] . Based on general relativity (GR), this so-called ΛCDM model relies on two phenomenologically motivated constituents, cold dark matter (CDM) and dark energy (DE), which account for approximately 95% of the energy-matter content of the Universe. From a more fundamental point of view, however, the introduction of a DE component is theoretically challenging and extremely fine-tuned, despite the many proposals for its dynamics [7] . On the other hand, the concept of CDM also suffers from several issues such as the lack of direct experimental detection [8] , the question of its cosmological abundance [9] , and problems related to the formation of structure on small scales [10] [11] [12] [13] .
A perhaps more natural solution might be that gravity genuinely differs from GR, which expresses itself as either one or even both of the above dark components [14] [15] [16] [17] [18] [19] . Here we want to consider a particular class of modifications which * Electronic address: mf256@st-andrews.ac.uk
give rise to what has become known as the modified Newtonian dynamics (MOND) paradigm [20, 21] . On a nonrelativistic level, MOND aims at solving the missing mass problem by postulating an acceleration-dependent change of Newton's law which is characterized by a scale a 0 [22] :
Here, Φ N denotes the common Newtonian potential of a matter source and S is a solenoidal vector field determined by the condition that a can be expressed as the gradient of a scalar potential. The functionμ, controlling the modification of Newton's law, has the following asymptotic behavior:
Equation (1) has been constructed to agree with the fact that the rotation curves of spiral galaxies become flat outside their central parts. Analyzing observational data, Milgrom estimated an acceleration scale of a 0 ≈ 1.2 × 10 −10 m s −2 . The MOND paradigm still appears suitable to explain the observed "conspiracy" between the distribution of baryons and the gravitational field in spiral galaxies [23, 24] . It is striking that such a simple prescription leads to extremely successful predictions for galaxies ranging over five decades in mass (see, e.g., Refs. [25, 26] for reviews), including our own Milky Way [27] [28] [29] , dwarf spheroidals [30] [31] [32] , x-ray dim elliptical galaxies [33, 34] , and tidal dwarf galaxies [35, 36] . In addition, MOND successfully reproduces empirical galaxy scaling relations such as the well-known Tully-Fisher relation [37, 38] , and more recently the central surface brightness predicted by dark halos [39] [40] [41] .
While the framework of MONDian dynamics works extremely well on galactic scales, the situation in galaxy groups and clusters is quite different: Several studies of such systems [42] [43] [44] have shown that an additional nonluminous matter component is required to explain observations, even after taking into account the gravitational boost induced by the MOND formula. Assuming that MOND is a viable description for such gravitating systems, this result has led to the question of what the needed matter component should be. It is obvious that any possible form of exotic CDM is disfavored as it would cause the original idea of Eq. (1) to become redundant.
Another problem arises from the fact that the original MOND formulation does not specify cosmology or the nature of gravitational light deflection. Recent developments in the theory of gravity, however, have been able to embed MONDian dynamics into fully Lorentz-covariant theories by means of a dynamical four-vector field [45] [46] [47] [48] [49] . Although still lacking a derivation from fundamental principles underpinning the MOND paradigm, these theories allow for new predictions regarding cosmology and structure formation [50] [51] [52] [53] as well as gravitational lensing [54] [55] [56] [57] [58] [59] [60] . An appealing feature of such modifications is also that they might be able to simultaneously explain the observed effects of DE [18, [61] [62] [63] [64] [65] [66] ], but we do not consider this possibility in the present work.
Adopting the framework of tensor-vector-scalar theory (TeVeS) [45] , it was possible to investigate the resulting CMB and matter power spectra [50] . It has been found that the known baryonic matter content of the universe is not enough to reconcile the theory with observations [67] . To overcome this problem, one may resort to a model with ordinary neutrinos of mass around 2eV which is able to describe the observational data in a qualitatively acceptable way, but the corresponding fits do not match the excellent agreement of a ΛCDM model. Interestingly, the idea of massive neutrinos has already been discussed to provide a solution to the lack of matter on cluster scales [42, 43] , and to explain the observed weak lensing map of the galaxy merger 1E0657 − 558 ("bullet cluster") [57, 68] . It should be mentioned that the needed neutrino mass of 2eV is barely consistent with the current upper limit on the electron neutrino's mass (e.g., see Ref. [69] ); future measurements such as the Karlsruhe Tritium Neutrino Mass Experiment (KATRIN) [70, 71] will be able to explore a mass range well below the 2eV threshold.
Nevertheless, the rather unsatisfactory results of this solution on large scales, especially for the CMB anisotropy power spectrum, and problems within galaxy groups [44] have led to deem the hypothesis of very massive ordinary neutrinos unattractive. Alternatively, the required additional matter could be provided in the form of heavy (right-handed) sterile neutrinos (SNs) which are motivated by theoretical considerations in particle physics (e.g., see Refs. [72] [73] [74] and references therein) and offer an elegant way to explain the small masses of active neutrinos via the "seesaw mechanism" [75] [76] [77] . The conceptual advantage of such an approach lies in combining the success of modified gravity on small scales with new physics in a sector of the standard model which is known to be incomplete [78] and in need of revision [79] . Motivated by a possible interpretation of the MiniBooNE experiment [80] , Angus [81] has suggested to use a single light species of SNs with a mass of approximately 11eV and investigated its consequences. If such SNs decouple while they are relativistic and in thermal equilibrium, one should obtain both a background evolution and a CMB power spectrum which are basically indistinguishable from a standard ΛCDM cosmology [82] , while at the same time, this additional hot dark matter (HDM) component may give rise to a correct prediction of the linear matter power spectrum and represents a suitable candidate for the missing mass in galaxy clusters without spoiling MONDian dynamics on galactic scales [83] . As for the nonlinear regime of structure formation, the situation is still unclear. Because of the more sophisticated mathematical structure of the nonlinear TeVeS field equations (or that of related theories) as opposed to those of GR, there seems currently no way to gain reliable information about the nonlinear evolution. This difficulty is somewhat reflected by the fact that the resulting field equations in the quasistatic, nonrelativistic limit typically remain highly nonlinear. Assuming an ad hoc modification of the original MOND formula Eq. (1), however, a first simplified attempt into this direction is discussed in Ref. [84] .
It is noteworthy that TeVeS or TeVeS-like theories in combination with sufficiently abundant massive neutrinos provide the most consistent relativistic MOND framework presented in the literature so far [85] ; nevertheless, there are still innumerable aspects which need to be tested further. A powerful astronomical tool to challenge these theories is gravitational lensing. Using spherically symmetric lens models, TeVeS has been tested against the CfA-Arizona Space Telescope Lens Survey data of image-splitting lens galaxies [56] , building on earlier work in the context of MOND [55] (also see Refs. [86, 87] ). Later, the analysis has been extended to nonspherical lens geometries [88] . While there is currently disagreement on how well TeVeS explains the lensing properties of relatively isolated galaxies [86, 87, 89] , the models consistently seem to fail for lens galaxies embedded into dense environments like groups or clusters. A detailed individual discussion on such lens systems can be found in Ref. [88] . Several authors [56, 88] have argued that this issue might be attributed to the already known dynamical problem in groups and clusters and therefore resolved if the actual environment of lens galaxies is properly taken into account. Another way of testing the theory is offered by weak galaxy-galaxy lensing. Using data from the Red-Sequence Cluster Survey and the Sloan Digital Sky Survey (SDSS), it has been found that the most luminous galaxies ( 10 11 L ) would require a substantial fraction of nonbaryonic matter [90] . Although this result needs to be confirmed by larger data sets before a firm conclusion can be drawn, it might hint towards a problem with the original MOND idea on galactic scales. Again, SNs with a mass around 11eV could provide a remedy as they should be able to cluster densely enough in such massive systems [83] . However, it remains to be seen whether such an approach can explain observations.
In this work, we suggest to test TeVeS and the massive SN hypothesis in the context of complex lens systems which are typically present in the central regions of galaxy clusters. A previous analysis [91] already revealed that such an environment can put stringent constraints on the distribution and plausibility of the needed dark neutrino component, thus providing an excellent testbed for our purposes. Generally, the advantage of galaxy clusters lies in the independent estimates of baryonic matter, inferred from observed X-ray and stellar luminosities, and of the system's total mass distribution based on a combination of weak and strong gravitational lensing. Being insensitive to the dynamical state of the deflecting mass, the latter techniques are particularly suited to constrain the properties of the dark component. In contrast to weak lensing estimates, strong lensing is basically free of statistical uncertainties and offers a unique and robust probe of the matter distribution on scales 100kpc. Here we shall use strong lensing to further test the viability of 11eV SNs. Unlike conventional CDM, light SNs are subject to strong phase-space bounds set by the Tremaine-Gunn limit [92] , which allows one to check cluster lens models inferred within the modified framework for consistency. Since this limit prevents SNs from clustering into dense clumps, galaxy cluster lenses with a considerable amount of dark substructure provide an ideal target for our intentions. As a first example, we shall study the galaxy cluster Abell 2390 (A2390) with its notorious straight arc, and investigate whether it is possible to reproduce this particular lens feature in TeVeS.
The paper is structured as follows: Starting with a brief introduction to TeVeS and the formalism of gravitational lensing in Sec. II, we give an observational summary of the galaxy cluster A2390 and its pronounced straight arc in Sec. III. Continuing with the setup for a simplified density model of A2390 in Sec. IV, we discuss results for quasiequilibrium configurations in Sec. V. Based on the latter, we outline a systematic approach to cluster lenses in TeVeS, and describe a lens model for the straight arc in Sec. VI. Finally, we conclude in Sec. VII. For clarity, technical and numerical details are given in an appendix.
II. TEVES AND GRAVITATIONAL LENSING IN A NUTSHELL
In the following, we will briefly review TeVeS and gravitational lensing within the approximations used for quasistatic systems like galaxies and galaxy clusters. Henceforth, we shall use units with c = 1, and the "square" of a vector denotes the square of its Euclidean norm, i.e. A 2 = A 2 2 .
A. The nonrelativistic limit of TeVeS
TeVeS theory [45] is a fully relativistic description of gravity which provides a covariant framework for the MOND paradigm. Compared to GR, TeVeS is based on the wellknown Einstein metric g µν and two additional dynamical (gravitational) fields, a four-vector U µ and a scalar φ; it also invokes a second "physical" metricg µν , related to g µν through a nonconformal transformation involving the new fields, and being exclusively used for the coupling of matter fields (µ, ν = 0, ..., 3):g
Furthermore, the theory introduces a new set of free parameters: The constants k and K as the couplings of the scalar and vector field, respectively, and a length scale l. Albeit not a unique extension, TeVeS is the most popular "MONDian representative" so far, and a variety of its aspects have been extensively studied in the literature (see Ref. [93] for a review).
Although the original formulation of TeVeS suffers from several problems, e.g. in the strong gravity regime [94, 95] or -at least for certain models -in the cosmological domain [53, 96] , it still provides a viable description of relativistic MOND on extragalactic scales.
In what follows, we shall restrict ourselves to weak fields and quasistatic systems [97] . Under these premises, the usual metric potential Φ approximately takes the form
where the TeVeS scalar field φ obeys
and Φ N corresponds to the common Newtonian potential given by Poisson's equation. In order to reasonably recover the dynamics of MOND, the constants k and K have to be much less than unity, i.e. k, K 1, and G ≈ G N , but one should also see Ref. [45] for a discussion on lower bounds of k. The function µ(y), which is related to a potential-like term in the scalar field's action, has to satisfy the following conditions:
where
and b is a positive real constant. The TeVeS length scale l can be related to Milgrom's a 0 by
where Ξ = 1 − K/2 − 2φ c , and φ c is the cosmological value of the scalar field which is assumed to be small (φ c 1) [45] . If not specified in any other way, we shall work with
throughout this paper. This is justified following the analysis of Ref. [59] : While the value of b is absorbed into the definition of the scale a 0 in Eq. (8), the TeVeS lensing maps have been shown to be generally insensitive to variations of the parameter k as long as it is small, k 0.01. A particular choice for the free function µ(y), suitable for the gravitational lensing analysis of A2390, will be given and discussed in Sec. IV.
B. Background cosmology
Assuming the basic fields to partake of the symmetries of the Friedmann-Robertson-Walker (FRW) spacetime, the TeVeS analog of Friedmann's equation in the Einstein frame, delineated by the metric g µν , reads
where we have included a cosmological constant Λ, and ρ φ is the energy density of the scalar field. Using Eq. (3) forg µν , we switch to the matter frame and finally obtain
According to previous studies [45, 50] , it is consistent to assume that the cosmological scalar field evolves slowly in time throughout cosmological history. Thus, its contribution to the Hubble expansion is negligibly small, with a ratio O(k) compared to the matter contribution. Setting ρ φ = 0 and recalling that φ 1 at the background level, the physical Hubble parameter can be expressed as
To calculate angular diameter distances in the context of gravitational lensing, we further need to specify a particular choice of parameters. Based on the assumption of a single species of 11eV SNs [81, 83] , we shall use a flat cosmology with Ω m = Ω b + Ω ν = 0.29 and h = 0.7, where the Hubble constant is H 0 = 100hkm s −1 Mpc −1 . Note that this gives a background evolution which is virtually indistinguishable from a standard ΛCDM model.
C. Light bending in TeVeS and lensing formalism
Being a metric theory, the propagation of light rays in TeVeS is determined by the null geodesics of the physical metricg µν . If the metric potential Φ given by Eq. (4) and the peculiar velocity v of the lens are small (Φ, v 1), one can presume a locally flat spacetime being disturbed by the potential Φ; these conditions are well satisfied for galaxies and galaxy clusters. Following the lines of Ref. [98] , the deflection angle of a light ray under these assumptions can be expressed aŝ
where ∇ ⊥ denotes the two-dimensional gradient operator perpendicular to light propagation, and integration is performed along the unperturbed light path (Born's approximation). In addition to the deflection angle caused by the Newtonian potential Φ N , there is a contribution arising from the scalar field φ. Assuming that the metric potential Φ is known from solving the corresponding field equations, one can directly proceed to calculate the usual lensing quantities, fully adopting the standard GR formalism [45, 59] which is briefly reviewed below.
In gravitational lensing, it is convenient to introduce the deflection potential Ψ(θ) [98] :
where we have used θ = ξ/D d and have chosen coordinates such that unperturbed light rays propagate parallel to the z axis. Here ξ is the two-dimensional position vector in the lens plane, and D s , D d , and D ds are the (angular diameter) distances between source and observer, lens and observer, and lens and source, respectively. If a source is much smaller than the angular scale on which the lens properties change, the lens mapping can locally be linearized. Thus, the distortion of an image can be described by the Jacobian matrix
where β=η/D s and η denotes the two-dimensional position of the source. The convergence κ is directly related to the deflection potential Ψ through
and the shear components γ 1 and γ 2 are given by
Points in the lens plane where
form closed curves, the critical curves. Their corresponding image curves residing in the source plane are called caustics. Images near critical curves can be significantly magnified and distorted, which, for instance, is indicated by the giant luminous arcs formed from source galaxies near caustics. Knowledge about the exact shape and location of these curves already allows one to make solid statements about the system's strong lensing properties. Since the possible critical curves and caustics of A2390 are relatively well constrained by observations of the here considered straight arc, estimating them for several density models in TeVeS will be one of the main tasks in this work. shows the impressive straight arc on the left side. Characterized by two breaks along its light profile (present in other observed bands as well), the arc can be decomposed into three segments labeled A, B and C, respectively [99] . Also visible are the galaxy 2592, which is located adjacent to the arc, as well as the galaxy 6666 (see Table I ).
III. OBSERVATIONS OF THE GALAXY CLUSTER A2390
A. X-ray gas and member galaxies of A2390
The galaxy cluster A2390 at redshift z = 0.23 [100, 101] is one of the richest and most luminous clusters known in the literature. Several interesting properties, e.g. the large abundance of lensing arcs and arclets [99] , an elongated galaxy distribution [102] and its large velocity dispersion [103] , have made the analysis of this system particularly attractive. In the context of GR, A2390 has been subject to extensive study by means of different techniques including virial (e.g., Ref. [104] ), x-ray [105] [106] [107] [108] , redshift-space caustic [109] and both weak [110] [111] [112] [113] [114] and strong [115] [116] [117] [118] lensing studies.
Observations with CHANDRA exhibit a very concentrated and highly peaked x-ray emission, indicating a strong cooling flow which is centered on cluster's central cD galaxy [106] . On large scales, the x-ray morphology has been found to be strongly elliptical with an overall position angle (PA) comparable to the main cluster direction in the optical (PA = 133
• ) [99] . Here and below, the PA is defined as the angular offset of the major axis with respect to the north-south direction, being measured counterclockwise. The data provide evidence for an elongated x-ray morphology in the very central part, and suggest the existence of a substructure in the cluster gas located roughly 40 (∼ 147kpc) from the cluster center. The CHAN-DRA image further reveals large-scale cavities in the x-ray surface brightness extending approximately 400kpc from the center, where a sharp break in the surface brightness profile is visible. As observed in several other clusters [119] , such cavities are likely produced by bubbles of radio plasma emitted by the central active galactic nucleus. Despite these irregularities and the appearance of a secondary gas peak, however, the x-ray observations indicate that the system as a whole is relatively regular and, to good approximation, dynamically relaxed. Thus, if one excludes the cluster's central part, the overall assumption of hydrostatic equilibrium appears as a reasonable one.
There are also several studies of individual galaxies within the cluster. For instance, the properties of the central cD galaxy have been examined using optical [120] , infrared and radio observations [121] . A large sample of 216 confirmed cluster members based on photometric and spectroscopic information is presented in Ref. [122] . More recent observations include a selection of 48 early-type member galaxies which has been used to investigate their evolutionary status [123] . We note that the available observational data will be important for building a realistic cluster model in TeVeS.
B. The straight arc of A2390
Among several arcs and arclets, the cluster A2390 exhibits an unusual, strongly lensed straight arc (see Fig. 1 ) which is located approximately 38 (∼ 140kpc) from the central cD galaxy [99] . This particular arc is unusual in the sense that, as it is both located in the outer core region and adjacent to a lens galaxy lying in between arc and cD galaxy, it would be expected to appear curved with respect to the massive cluster center or the closest galaxy. Along its light profile, the arc further exhibits two breaks in surface brightness, symmetrically located relative to the closest galaxy's center. Spectroscopic analysis of the arc revealed that it is actually the joint image of two different sources, one at redshift z = 0.913 (corresponding to B − C in Fig. 1 ) [99] and the other at z = 1.033 (corresponding to A) [124] . In addition, ISOCAM observations of the image segment B − C indicate the presence of an active star forming region and support the scenario of two interacting source galaxies at z = 0.913 [125] . Nevertheless, the found straightness requires a rather special lens configuration (also see Sec. V A).
Apart from the system A2390, there also exist other detections of (relatively) straight images which are typically well modeled from the visible distribution of bright galaxies helped by the central cluster potential [126] [127] [128] . As already pointed out in the literature [115] , a similar approach for A2390 within the usual framework of CDM would require extremely high mass-to-light ratios for individual galaxies, and thus yields a rather unrealistic scenario. In recent years, several authors have considered possible lens models which aim at reproducing such a straight image, and a first attempt was performed in Ref. [99] . For instance, the fold caustic of a single, highly elliptical cluster lens can be used to create a straight image [116] . Such a model gives a result comparable with the arc's morphology, but fails to explain infrared observations. Adopting a very large ellipticity of the central cluster profile, it was demonstrated how a cusp model may produce the desired elongated image morphology [118] ; however, this solution seems incompatible with other lensing constraints of the system. Building on the existence of x-ray substructure in the arc's vicinity, the authors of Ref. [117] employed a twocomponent model using an elliptical cluster center with axis ratio b/a = 0.7 to explain the arc. Despite a slight deviation at ∼ 1σ significance, the obtained x-ray temperature profile and the projected mass within 38 (∼ 140kpc) appear consistent with those derived from the observed x-ray luminosity [106] .
It seems obvious that any suitable model needs substantial fine-tuning to form the necessary lens configuration for straight images. As a consequence, all of these models are extremely sensitive and unstable with respect to perturbations due to the closest galaxy or additional substructure in the intracluster medium (ICM). While this does not pose a problem per se, it is nevertheless interesting to look for models with improved stability. From a general analysis on how to form straight images [115] , it has been concluded that the most likely configuration involves a dark mirror component of the nearest galaxy located on the opposite side of the arc, counterbalancing the effect of the visible galaxy. With the help of the central cluster profile, this yields a so-called beak-to-beak model which explains the observed straight arc and, if realized with such a "dark galaxy," is sufficiently stable against local perturbations. Alternatively, there is also the possibility of a lips catastrophe [115] , i.e. a lips caustic just emerged or just about to emerge in three-dimensional caustic space (for a demonstration of a lips catastrophe in A370 see Ref. [129] ). Since such a model requires the lensing convergence -equal to the projected matter density in GR only -to peak at the arc's position, however, it is not supported by observations.
C. A challenge for TeVeS and hot dark matter
Concerning the situation in TeVeS, we may already state that the "dark galaxy" approach, i.e. a nonluminous matter distribution of galactic size, cannot be achieved with our choice of 11eV SN HDM. Assuming that these particles are relativistic and thermalized at the time of decoupling (just like for active neutrinos around a temperature of several MeV which is much larger than the considered mass) [130] , their Fermi-Dirac distribution freezes in, and their phase-space density is constrained by the Tremaine-Gunn (TG) limit [92] . For instance, a HDM galaxy in TeVeS would have a typical phase-space occupation number (we neglect factors of π and order unity)
which exceeds unity, and thus the TG limit for thermal relics, unless the HDM mass m ν is much larger than 11eV (e.g., ∼ 1keV warm dark matter) and/or the structure's velocity dispersion σ 100km s −1 , hence above the galactic scale. The estimate given in Eq. (20) assumes that the structure's dense core is subject to the Newtonian regime (µ ∼ 1), which gives a core size r C ∼ GM/σ 2 , and the total mass M ∼ σ 4 /Ga 0 can be well approximated within the "deep-MOND" limit (µ ∼ √ y). Also note that moving to masses significantly larger than m ν = 11eV would spoil the dynamics of MOND in galaxies and thus eliminate the use of such HDM in the first place [83] .
Therefore, a combination of HDM and modified gravity may, in principle, face a challenge in order to create observed effects of dark substructure. The TG phase-space bound not only applies to HDM substructure, but also to its global distribution within the cluster, which presents a well-posed and constraining general test of TeVeS or similar theories supplemented by an additional HDM component. As other realistic lens models for the straight arc [117] also suggest a substantial amount of dark substructure, a basic question is whether there are TeVeS lens models which are compatible with the TG bound for 11eV SNs. Before we can address this point, however, we need a reliable way of modeling the straight arc in TeVeS. An approach into this direction will be discussed below.
In preparation for the following sections, we introduce the terminology and procedure used for two different kinds of lens configurations in our analysis:
Quasiequilibrium configurations Here we consider configurations which are based on the assumption of hydrostatic equilibrium. Both the cluster gas and the (SN) HDM component are modeled by symmetric, central density distributions, the latter having a maximum phase-space density set by the TG limit which is inferred in a self-consistent way by considering the equation of state for a partially degenerate neutrino gas [83, 131] . In addition, we include substructure in the form of visible galaxies and further allow for perturbations of the central distribution (gas + HDM) which are modeled by the same density profile as the central one (corresponding to structure of equal scale). We then check whether such configurations can produce the observed straight image in TeVeS.
Nonequilibrium configurations In this case, we allow for any HDM distribution which is capable of explaining the straight arc. This includes complex distributions with multipeaked mass densities and concentrations of different scale. Although we outline a general approach to lens models in TeVeS, we restrict our analysis to a bimodal configuration based on a model in GR (cf. Table II below) whose components exhibit dispersions σ 500km s −1 and appear consistent with the crude estimate of Eq. (20)
Approximately treating each density peak as a symmetric equilibrium distribution of SNs, we investigate whether they satisfy the TG phase-space limit for m ν = 11eV. For simplicity, we do not account for baryonic substructure (galaxies) in this context.
IV. QUASIEQUILIBRIUM MODEL OF A2390
Because of the nonlinear relation of the TeVeS scalar field to the underlying matter distribution, we cannot work with projected quantities, but need to perform our calculations in three dimensions. This significantly complicates the lensing analysis of A2390 and requires knowledge about the cluster's three-dimensional matter density. A first approach to our 
TeVeS equilibrium configuration of 11eV sterile neutrinos in A2390: The figure shows the calculated density distribution of neutrinos (dashed line), the analytic fit to this density using the profile specified in Eq. (27) (solid line) and the central baryonic matter distribution derived from x-ray observations (dotted line).
problem is to consider cluster configurations which are based on the assumption of hydrostatic equilibrium.
A. Distribution of baryonic material
Using available data of x-ray gas [106, 108] and individual galaxies [123] , we have modeled the distribution of baryons in A2390. Here we shall briefly present the results which are relevant for the analysis in Sec. V. A detailed description of our procedure can be found in App. A. Figure 2 shows the density distribution inferred from x-ray observations with CHANDRA (dotted line). In addition to this central profile, we consider the contribution of five massive early-type galaxies which are located close to the straight arc. The masses of these galaxies are derived following a twofold approach: The first estimate (denoted as M 1 ) is based on a direct conversion of observed luminosity to stellar mass while the second one (M 2 ) uses a dynamical method. In what follows, we shall consider both prescriptions and present results for the two different mass estimates below. We further assume that all galaxies can be described by a spherical density profile which is closely related to the Hernquist profile [132] for elliptical galaxies (see App. A 2). Using the notation of Ref. [123] , the basic properties of our models for the galactic components are illustrated in Table I .
B. Adding massive neutrinos
As mentioned in Sec. I, TeVeS requires an additional matter component to consistently describe observations of galaxy clusters. Assuming 11eV SNs within the original formulation of MOND, the authors of Ref. [83] derived their corresponding equilibrium density and (radial) velocity dispersion distributions for a sample of 30 galaxy groups and clusters, including the system A2390. Starting from the observed density and temperature of the ICM [108] , ρ x (r) and k B T x (r), respectively, the assumption of hydrostatic equilibrium immediately allows one to determine the gravitational field as a function of radius:
where w ≈ 0.6 is the mean molecular weight and m p the mass of the proton. The such derived result is typically accurate to ∼ 10% if equilibrium is realized [108] . Using the above, one directly obtains the total enclosed MOND mass which is given by
Hereμ corresponds to the MOND interpolating function defined in Eqs. (1) and (2) . Note that this is the only stage where the modification of gravity is involved. Once this function is specified, Eq. (22) can be used to obtain the cluster's total density distribution, which then allows one to determine the contribution due to SNs by subtracting the known density of the ICM. Considering the equation of state for a partially degenerate neutrino gas, the resulting SN density ρ ν is then used to infer the associated radial velocity dispersion σ ν needed for equilibrium. A detailed description of the actual calculation can be found in Sec. 3 of Ref. [83] . To check whether the results for ρ ν and σ ν are compatible with each other, one can exploit the TG phase-space constraint [92] . Assuming a Maxwellian velocity distribution, the maximally allowed density ρ ν,max for a given value of σ ν reads
where the number of allowed helicity states is assumed as g ν = 2 [83, 133] and m ν = 11eV. For the "simple" MOND interpolating function which is defined as
it has been found that the calculated SN phase-space density of all considered systems reaches the TG limit in the central part (r 20kpc for A2390) [83] , meaning that the SNs acquire their densest possible configuration in that region. If the equilibrium assumption is valid, this result further implies that a small portion of the dynamical mass must be covered by the brightest cluster galaxy. As for the cD galaxy of A2390 and its contribution in this context, we refer the reader to App. A 3.
In principle, we could directly adopt the SN density of A2390 calculated in Ref. [83] for our simple cluster model if we specified a TeVeS free function µ which corresponds to the choice Eq. (24) in MOND. For numerical reasons discussed in Ref. [59] (hereafter Paper I) and to maximize possible MONDian effects, however, we assume a TeVeS free function of the following form:
where y is defined according to Eq. (7). Apart from its simplicity, Eq. (25) is close to Bekenstein's original choice of the free function (Paper I), and thus allows one to derive the TeVeS lens properties in a fully analytic way for certain configurations like, for example, spherically symmetric lens models [56] . In the intermediate and low acceleration regime, which is typically realized in galaxy clusters, the MONDian counterpart of Eq. (25) can be expressed as [45] µ(x) =
which is known to yield a less favorable description for the rotation curves of spiral galaxies than Eq. (24) as it enhances gravity too efficiently [134] . Inserting the above into Eq. (22), we have repeated the analysis of Ref. [83] for A2390, and calculated the equilibrium SN density distribution suitable for our cluster model in TeVeS. The resulting density profile is shown as a dashed line in Fig. 2 . Note that the apparent waviness is not a numerical artifact, but rather emerges from using the data of Ref. [108] in Eq. (21) . As the free function Eq.
(26) enhances gravity more efficiently than Eq. (24), the SN density is notably decreased (cf. Fig. 2 of Ref. [83] ), with the effect becoming stronger for larger radii. In the center, however, there is basically no change, indicating that the previous constraints due to the TG limit remain the same. To simplify the input into a numerical solver, the obtained SN density can be well fit by a profile of the following form:
where ρ 0 ∼ 5.5 × 10 7 M kpc −3 , r 0 ∼ 14kpc and γ ∼ 8.2. For comparison to the numerical result (dashed line), the analytic fit (solid line) is also illustrated in Fig. 2 .
Note that the actual choice of the free function, which fixes the equilibrium distribution of SNs, will have no significant impact on the results for quasiequilibrium configurations presented in Sec. V. While the main cluster potential will almost be the same -it is exactly the same in case of spherical symmetry -for different µ, only the effects of substructure, e.g. the contribution of individual galaxies in A2390, should be affected by the particular form of the function µ. Therefore, our decision to use Eq. (25) will result in optimistic estimates of effects intrinsic to the framework of TeVeS. Since we are interested in the regime of strong lensing, however, we expect these differences to be rather mild.
V. QUASIEQUILIBRIUM CONFIGURATIONS
As a first approach, we shall investigate the strong lensing properties of quasiequilibrium configurations based upon several variations of the cluster model presented in Sec. IV. Although these models do not provide a realistic description of the cluster's core region, their study will be extremely useful to explore intrinsic TeVeS effects and to see whether TeVeS offers alternative mechanisms -different from those in GRwhich can produce straight images. For the sake of clarity, we discuss details on the used numerical tools and the basic simulation setup in App. B.
A. Analysis of the TeVeS lensing maps
Considering the previously introduced equilibrium model of the cluster, we are still left with substantial freedom regarding the galaxies' line-of-sight positions which are not constrained by observations and may vary over the cluster's extent which we define by the model's cutoff radius R = 1Mpc introduced in App. A 1. Also, to account for nonsphericity of the cluster, we shall allow an additional ellipticity for the central density distribution (x-ray and SNs) which is solely modeled within the observed plane. Together with a respective PA, this gives a total of 7 free parameters for our simple model if we fix the galaxies' M/L ratios. As for the range of ellipticities, we choose a maximum corresponding to an axis ratio of b/a ∼ 0.7. Moving significantly beyond this threshold would cause a severe mismatch to x-ray observations [106, 117] , thus yielding a rather unrealistic cluster description. Modifications of the overall density profile along the line of sight have already been studied in Paper I: Varying the lens' extent between two extreme configurations, a disklike and a strongly "cigar-shaped" lens, can cause changes of up to 10 − 20% in the lensing maps as well as the critical curves. For realistic cluster models lying in a range between these extrema, however, this effect is expected to be less pronounced, typically accounting for deviations on the order of a few percent. Therefore, we shall ignore such modifications in this work. Also, since the straight arc's sources are located close in redshift space (the corresponding distances D s and D = D d D ds /D s only differ by roughly 3%), we restrict ourselves to a single source plane for our analysis. Unless otherwise stated, we will always work with a lens and source redshift of z l = 0.23 and z s = 1, respectively.
For different plausible cluster configurations, we have found no quasiequilibrium model that is capable of producing (nearly) straight images at the observed arc's position. As all of our results are qualitatively very similar, we only present a selection of simulation runs in the following. For example, Fig. 3 shows the calculated TeVeS lensing maps assuming an axis ratio b/a ≈ 0.7 corresponding to an ellipticity of e = 0.7, PA = 115
• , mass model M 1 and line-of-sight configuration B (see Table I ). A similar case is illustrated in Fig. 4 , assuming PA = 133
• and mass model M 2 while keeping all other parameters the same. We note that the lensing properties in the arc's vicinity are almost entirely dominated by the closest galaxy. The structure of the critical curves (right panel) already reveals that such models will produce strongly bent images with respect to the galaxy 2592 at the position of interest. To elucidate this point and to demonstrate the problems of such configurations, we have constructed a luminosity distribution, which roughly resembles the observed image morphology. This distribution has then been mapped back into the source plane, assuming the "second" cluster model presented in Fig. 4 . The generated image and its associated source distribution are shown in the left and right panels of Fig. 5 , respectively. Our particular example exhibits several features indicating that the model is not compatible with the observed straight image. These features can be summarized as follows:
(a) Around the area where the three source patches visible in the right panel of Fig. 5 appear to intersect (marked with a rectangle), the inferred source distribution becomes multivalued. This remains true even after taking into account that the image is due to two distinct sources (see Sec. III B), and thus the lens model turns out to be ambiguous and inconsistent. (c) Assuming an average size of roughly 1 (∼ 10kpc) for galaxies at z = 1, the source's constituents appear too big in angular size (up to 4 ), yielding a rather unlikely scenario. This problem further deteriorates if one tries to avoid the issues related to (a) and (b) by lowering the total mass of the nearby (lens) galaxy 2592.
Observations further indicate the presence of several faint elongated objects whose orientation is approximately the same as that of the arc, with a scatter of only a few degrees [99] . Together with the above, these arclets strongly support the requirement for a special lens composition rather than the necessity for unusual source properties, suggesting that the lens configurations considered here are inappropriate to explain the straight image. This is the basic result of all simulated cluster models, which seems to be insensitive to the used mass model (M 1 or M 2 ) or the actual line-of-sight alignment of galactic components. To quantify the effect of the latter, we compared the lensing maps of individual models for two extreme line-ofsight configurations, A and B. Adopting the parameters of the realization presented in Fig. 3, Fig. 6 displays the obtained relative difference between the corresponding convergence maps. As we can see, the deviation can reach values up to ∼ 30% in regions of low (effective) surface density, but remains smaller ( 15%) in regions where κ 1. A comparison of the corresponding critical curves and caustics of galaxies reveals that this line-of-sight effect typically affects their position on the order of ∼ 10%, which has no qualitative impact on our results. As for the dependence on the actually used mass models (galaxies), we will investigate the influence of varying M/L ratios in the next section.
B. Variation of mass-to-light ratios
So far, we have restricted our analysis to two sets of M/L ratios for the cluster's galaxies (see Table I ). How robust are our results with respect to variations of these ratios? Here we take a simplified approach to obtain reasonable estimates of the effect on the strong lensing properties, in particular, the critical curves. In what follows, we use a Hernquist profile [132] with fixed core radius r H = 3kpc for the density distribution of galaxies [corresponding to the limit = 0 in Eq. (A2)]. In the isolated case and for our choice of the free function µ, this allows one to express the lensing properties fully analytically (e.g., Paper I), and the deflection angle is given bŷ
Furthermore, we will assume that (a) the superposition principle remains valid; i.e. the lensing maps of isolated galaxies and the cluster background can just be added, which is rigorously true if the components are infinitely separated from each other and leads to an optimistic estimate otherwise, and that (b) the cluster background at each galaxy's position can be modeled as an external contribution with locally constant convergence κ C and shear modulus γ C .
Choosing polar coordinates, the latter yields an effective cluster deflection potential of the following form:
where the external shear's principle axes system is defined by ϕ 0 . Locally, the system's total shear modulus, relevant for the determination of critical curves and caustics, depends nonlinearly on the contribution due to the Hernquist lens and the cluster,
Because of the shear's tensor property, the above is anisotropic, which directly affects the resulting position of critical curves given by Eq. (19),
To obtain the mean effect due to the cluster background, we perform an average over ϕ and all possible orientations of the external shear field, which leads to
We use the simulation result for an equilibrium cluster model with e = 0.7, PA = 115
• and no galaxies to estimate the parameters of the background model. Around the arc's position, this roughly fixes κ C ≈ 0.29 and γ C ≈ 0.17. For this case, 7 shows the resulting mean radius of the tangential critical curve as a function of the enclosed galactic mass within an aperture of 3 diameter. While this should give a reasonable picture for the galaxy 2592, which resides close to the arc, the such estimated radii will be too large for the other galaxies. These are located in regions where the background has a weaker impact (κ C and γ C take lesser values), leading to an optimistic prediction of their mean critical-curve size. Assuming small variations in M/L, the figure suggests no qualitative changes of our previous results. Even if we consider that M/L ratios may change up to a factor of 4 in the infrared, we find a maximum increase of the mean critical-curve radius corresponding to a factor of approximately 2. At most, such an extreme scenario could come close to a merged-cusp model for the galaxies 2592 and 6666, but this configuration cannot explain the arc due to its inappropriate orientation and position of critical curves and caustics in the lens and source plane, respectively. We therefore infer that the basic result of Sec. V A does not depend on the particularly assumed M/L ratios of individual galaxies -unless the background potential is substantially modified.
We have also explored the influence of perturbations to the central cluster profile. For this reason, we have assumed a secondary spherical clump made out of gas and SNs which follows the same profile as the central distribution and accounts for 10 − 15% of the system's total mass. The clump's position has been chosen from a narrow range roughly centered on the detected substructure in the x-ray map [106, 117] (see Table  I ). Again, we have found no qualitative difference compared to previous simulations. The calculated deviations in the lensing maps are on the order of a few percent, leaving a basically negligible impact on the critical curves and caustics. Similar Together with the results presented in Sec. V A, we thus conclude that TeVeS quasiequilibrium configurations with 11eV SNs are not capable of explaining the observed arc. In particular, we find no evidence for the formation of beak-tobeak or lips catastrophes [115] due to intrinsic TeVeS effects, which could give rise to straight images. Therefore -just as in GR -a suitable TeVeS lens model needs substantially more mass as well as a special density distribution in the cluster's core region. A general procedure on how to obtain such models will be discussed in the next section.
VI. NONEQUILIBRIUM CONFIGURATIONS
In the following, we shall outline a general approach for modeling cluster lenses in TeVeS which allows one to use existing GR lens models to estimate the needed TeVeS lens properties. Adopting a bimodal lens model for the straight arc, we will present an example of such a lens and discuss implications for the modified framework.
A. Systematic approach to cluster lenses
Taking a naive point of view, one might expect that strong lensing is subject to the strong acceleration regime, and therefore it should be enough to consider the limit µ → 1. In this case, all relevant equations would reduce to their GR counterparts, allowing a conventional lensing analysis. Previous calculations (Paper I) have shown that such an approximation is not justified. In particular, the scalar field can have a significant impact on the second derivatives of the lensing potential. For instance, this can increase the radii of critical curves by up to a factor of 2, depending on the assumed mass distribution of the lens (cf. Figure 7 of Paper I). As we shall see below, however, there is another way of simplifying the lensing problem in TeVeS.
Let us return to the scalar field given by Eq. (5). Integrating once, we may recast this equation as
where h is a regular vector field determined up to a gradient by the condition that the curl of the right-hand side of Eq. (34) must vanish. We note that the main difficulty associated with solving the scalar equation are the generally nonvanishing components of h. If for any reason h ≈ 0, Eq. (34) reduces to a relatively simple algebraic relation between the gradients of the scalar and the Newtonian potential,
which can easily be inverted by numerical means to give ∇φ, assuming that the Newtonian potential (or only its gradient) are known. Therefore, we want to address the question of how the field h is affecting the corresponding lensing maps in the strong lensing regime. We already expect h to be important around local extrema of the Newtonian potential, but it is difficult to make any intuitive guesses about its quantitative impact in stronger gravity regions as well as on the final projected result. The most straightforward approach to this problem is a direct comparison of simulations treating the full scalar equation to those where h = 0. To this end, we have taken our previous quasiequilibrium models and fed them into a modified version of our solver, now assuming Eq. (35) to determine the scalar gradient. Since our choice of µ is very close to that presented in Ref. [56] (e.g., Paper I), our code assumes (41) (dashed line), respectively. Note that the three-dimensional mass density profiles are entirely dominated by the contribution of SNs within a radius of a few hundred kpc. For r 25 − 30kpc, the derived densities are well below the TG-limit-saturating equilibrium distribution of 11eV SNs in Fig. 2 , and they are also much broader. This already indicates that the main component's phase-space limit is not violated here.
to calculate ∇φ. For instance, adopting an equilibrium model with e = 0.7, PA = 133 • , mass model M 1 and line-of-sight configuration B, the relative deviation of the lensing maps from the proper solution is presented in Fig. 8 . While the convergence varies by 5 − 15%, differences in the shear map can be as high as ∼ 50%. As expected, the largest deviations occur in regions where the Newtonian gradient approaches the null vector, which, for example, can be seen in the very core of the central elliptic profile for both the convergence and shear maps.
Clearly, the impact of the curl field h is not negligible in regions of low gravity. Concerning the domain of strong lensing, however, we find the following: Comparing the corresponding critical curves and caustics, the curl field turns out to be much less important. Interestingly, the obtained deviation with respect to their position in the lens and source plane, respectively, is only about 2 − 3%. Within a sufficiently large environment around these curves accounting for all strong lensing features, the accuracy of the approximated (h = 0) lensing maps is typically of the same order, meaning that the curl field negligibly contributes to the strong lensing properties of a given matter distribution. Our result appears to generally hold for strong cluster lenses and indicates that it is enough to consider Eq. (35) in the context of TeVeS lens models. Therefore, if one specifies the line-of-sight extent of the total system as well as individual matter components, this offers a direct systematic way of modeling strong lenses in TeVeS.
B. Modeling the straight arc in TeVeS
Based on the result of Sec. VI A, one could, in principle, take an available GR lens fitting routine, modify it to include the TeVeS scalar field according to Eq. (35) , and use it to obtain a lens model for the straight arc. It is obvious that such an approach will be computationally more demanding because the scalar's contribution has to be evaluated in three dimensions, and one also needs to invoke numerical integration to derive the desired projected quantities. In the following, however, let us consider an alternative way to estimate the necessary deflection mass and its distribution in TeVeS. For this reason, we start from the bimodal GR model derived in Ref. [117] which, in addition to the central matter clump, assumes a smaller subcomponent at approximately 45 (∼ 166kpc) from the cluster center. The second clump is motivated by the existence of substructure in the cluster's x-ray map which is used to infer its position in the lens plane. Both clumps are chosen to follow a pseudoisothermal elliptic mass distribution (PIEMD) [135] , but the subcomponent's profile is assumed to be spherically symmetric. Correcting for the here used cosmological background, the model gives an enclosed projected mass of M a ∼ 1.2 × 10 14 M within a circular aperture of 38 (∼ 140kpc) radius from the cluster center. As typical for strong lensing mass models, this estimate should lie within ∼ 30% of the true value [136] .
Using the arguments presented in Sec. VI A, it is obvious that there exists an analogous bimodal lens model in TeVeS. To obtain a spherically averaged density estimate in TeVeS, we ignore the secondary clump, which negligibly contributes to the enclosed mass within the given aperture, and also assume that the main component can be described by a spherically symmetric density profile. Thus, its three-dimensional matter distribution can be written as
where ρ 0 is the central density and r C the core radius. Alternatively, Eq. (37) may be written in terms of its asymptotic velocity dispersion σ ∞ associated with the density profile of a singular isothermal sphere:
The corresponding enclosed mass of this density distribution at radius r reads
Since our choice of the free function allows us to make use of Eq. (36), it is possible to express the enclosed mass in TeVeS, which effectively generates the same dynamical mass as Eq. (37), as
where s = GM(r)/a 0 r 2 . As previously noted, however, the choice of Eq. (25) does not yield a good description of galaxy rotation curves. Adopting a TeVeS free function corresponding to Eq. (24), a similar calculation leads to
Setting r C ≈ 13 (48kpc) [117] and requiring that the enclosed projected dynamical mass within 38 is still given by M a , the above expressions can be used to derive the underlying density distributions which, together with the resulting surface density profiles, are illustrated in Fig. 9 . The visible density drop-off within r 20kpc is a consequence of the assumed PIEMD and probably unphysical, but can easily be avoided by changing the central profile in favor of a peaked and finite core, fixing the enclosed mass around r = 140kpc (and thus keeping the lens properties needed for the arc). Of The origin is centered on the subcomponent, and the TG limit has been calculated according to Eq. (23), following the prescription of Ref. [83] . Note that the slight "wiggly" feature of the dashed line is due to a nonuniform dispersion σ(r) which is computed in a self-consistent way [83] . course, our results depend on the assumed line-of-sight extent specified by Eq. (37), but the derived surface densities should vary by only a few percent for different models (see Sec. V A). We also note that the "modified" density profiles yield a finite mass; for both Eqs. (40) and (41) , the total mass is given by (taking the limit s → 0)
Although the profiles are not diverging, the relevant mass typically extends to large radii. Therefore, the use of such profiles within the full TeVeS solver is very inefficient because very large box sizes would be necessary to perform the calculations, which underlines the advantage of neglecting the curl field for strong lensing models (see Sec. VI A). The resulting total lensing mass is entirely dominated by SNs within a radius of a few hundred kpc, which allows one to ignore the contribution of gas and stellar material to excellent approximation. We have checked that the threedimensional density distributions in Fig. 9 , basically representing the lens model's main component, are consistent with the TG limit estimated for hydrostatic equilibrium and a Maxwellian velocity distribution, following the approach of Ref. [83] . This is already indicated by the fact that the derived densities are much broader and well below the TG-limitsaturating 11eV SN equilibrium distribution (shown in Fig. 2 ) for r 25 − 30kpc. At the arc's position (θ = 38 ), the actual enclosed projected mass of the TeVeS lens models is given by 6.1 × 10 13 M or 8.0 × 10 13 M , assuming Eq. (40) or (41), respectively. Here the model's subcomponent deserves special attention: Naively treating the problem, the smaller clump's presence acts as a perturbation to the total system's phasespace density, and thus it is trivially in accordance with the estimated TG limit since the main clump is. However, this approach typically leads to overestimating the TG limit, considering that the secondary clump should be regarded as a bound object by itself. Taking the view that A2390 has undergone recent merger activity, it seems reasonable to assume that the subcomponent has formed at a sufficiently earlier time, and therefore it should be subject to its own phase-space distribution. This suggests that one should examine the secondary clump separately. Considering the subclump as an isolated object entirely dominated by 11eV SNs, we have repeated the above TG analysis for the range of parameters listed in Ref. [117] (see Table II) . To achieve a rather realistic TeVeS mass estimate, we have adopted a free interpolating function corresponding to Eq. (24) for our calculations. The obtained SN density profile and the TG limit according to Eq. (23) are illustrated for two cases in Figs. 10 and 11. Assuming r C ≈ 7 (26kpc) and σ ∞ ≈ 500km s −1 , the subcomponent's density slightly exceeds the TG limit (up to 30%) within a range of approximately 10 − 25kpc. Moving toward larger radii (r 50kpc), the SN density consistently stays below this limit. For a less compact model with r C ≈ 10 (37kpc) and σ ∞ ≈ 440km s −1 , the TG bound is never exceeded. Generally, our results seem to rule out configurations where the subclump is modeled with small values of r C ( 8 − 9 ) whereas the bimodal TeVeS lens appears consistent with 11eV SN HDM for larger choices of the core radius. Before drawing such a conclusion, however, we need to consider how strong the implication of the present analysis really is.
First of all, we note that the lens model is based on the PIEMD model given by Eq. (37) . This clearly introduces a bias on our estimates; other assumptions about the components' density distributions might yield a different result. In particular, the PIEMD model leads to an unphysical drop of the central density which could affect our estimate of the TG bound. To check this, we have modified the central SN density profile of the subclump model presented in Fig. 10 in favor of a uniform core, but without changing its properties beyond r ≈ 15kpc (the arc appears at r ≈ 26 from the subcomponent's center). The resulting density profile and the corresponding TG limit are shown in Fig. 12 . While the TG bound is still violated within ∼ 10 − 25kpc, we see that the density limit is notably decreased in the center, almost matching the assumed SN distribution. Therefore, it is unlikely that shifting matter to the central region can help to avoid an excess of the TG bound. Next, our estimates assume that the subclump can be treated as an isolated object. Since the clump resides within the background field of the main component, this is not rigorously true. Using Eq. (41), we find that the main component provides an external Newtonian gravitational field of around a 0 at the subclump's position. As for the subcomponent, this modifies the relation between gravitational field and underlying density distribution, and gives rise to an increase of the central SN density on the order of unity. Such a density boost could push seemingly consistent subclump models with r C 10 toward or even beyond the TG limit, but detailed statements about this issue are very sensitive to the actual model parameters.
Another point is related to the fact that our calculations rely on completely SN dominated lens components within ∼ 100kpc. If placed at or close to the subclump's center, already a relatively small, concentrated baryonic mass, e.g. a galaxy, on the order 10 8 − 10 9 M could help to relax the density constraint due to the TG limit [137] . Whether such an approach can be reconciled with observations of this region, however, remains to be seen. Last but not least, we also need to check the viability of the current estimate of the TG limit which has been derived under simplified conditions. In what follows, we shall discuss in more detail how these simplifications affect our analysis.
As previously mentioned, the strong lensing domain in the center of A2390 is not in equilibrium and has a rather complicated nonsymmetric density distribution. This will obviously have an influence on the estimates for the TG limit. Considering nonequilibrium configurations in general, the velocity dispersion σ is expected to increase for a given matter distribution when moving away from equilibrium. Since the value of σ increases in this case, one would also obtain a higher density limit for SNs according to Eq. (23) . Taking the additional asymmetry into account, however, the situation becomes less clear. Depending on the system's actual properties, the TG limit could increase or decrease, and there seems to be no universal rule allowing one to make solid statements for anisotropic systems. Finally, one should also adhere to deviations from a Maxwellian velocity distribution. This issue has been addressed in Ref. [138] . There it has been shown that the actual physical density limit becomes larger than the previous estimates of the TG limit which can be exceeded by up to a factor of 2. Again, this would imply that SNs could account for more mass in the cluster. Combining the three aspects from above, it seems reasonable to assume that the true density limit will be on average higher than our previous es- timates, meaning that density models with SNs become more flexible. Note, however, that such an argument generally does not replace the need for a rigorous treatment of particular systems. Given the accuracy of our present analysis and accounting for all of the above, we conclude that the bimodal TeVeS lens model for the arc is in accordance with the assumption of 11eV SNs. Nevertheless, it seems intriguing that the needed amount and distribution of 11eV SNs lies so close to what they can maximally contribute to the system. It should be obvious that all of our statements depend on the assumed lens configuration and are valid only for the bimodal model we have considered here. In particular, the bimodal lens model ignores the contribution of galaxies. These can have a significant impact on the lensing maps (see Sec. V A), which is especially true for the galaxy 2592 adjacent to the straight arc. A more realistic approach including all visible components would be useful to further constrain the properties of additional substructure and check whether such configurations remain consistent with respect to the TG limit. While our analysis is concerned only with the straight arc, the cluster A2390 actually exhibits a number of lensing features which should all be taken into account for a complete cluster model. Extending the investigation also to other massive galaxy clusters, future work should address such complex lens models and their implications for TeVeS or related theories and 11eV SNs; a systematic way for approaching this problem has been outlined above.
VII. CONCLUSIONS
In this work, we have suggested the use of strong gravitational lensing by galaxy clusters as a test of the combined framework of TeVeS and massive SNs. Originally motivated by theoretical and recently also experimental particle physics [80, 139, 140] , the idea of SNs with a mass around 11eV has gained further interest as it provides a possible remedy for the problems of TeVeS and related theories ranging from large cosmological scales down to galaxy clusters. Unlike conventional CDM, such a fermionic HDM component is subject to strong phase-space constraints imposed by the TG limit. This allows one to check cluster lens models inferred within the above framework (or related ones) for consistency.
As an example, we have studied the cluster lens A2390 with its notorious straight arc. Because of its elongation and orientation, the straight image appears to be quite unusual and indicates the need for a rather special lens configuration. Adopting the approximation for weak fields and quasistatic systems, one of the main problems associated with the lensing analysis is the nonlinear relation between the TeVeS metric potential and the underlying matter density distribution. This nonlinearity prevents one from working with projected quantities and requires one to perform all calculations in three dimensions. In addition, one is left with a nontrivial, Poisson-type partial differential equation for the TeVeS scalar field.
To make some progress, we have considered a class of cluster models, based on the assumption of hydrostatic equilibrium, and investigated their lensing properties. This has been achieved by employing a MPI parallel solver for the TeVeS scalar field equation and simulating the corresponding lensing maps on the HUYGENS supercomputer which is located in Amsterdam. Our results imply that such quasiequilibrium configurations are not capable of explaining the observed straight arc. In particular, we have found no evidence for the formation of beak-to-beak or lips catastrophes [115] due to intrinsic TeVeS effects, which could give rise to straight images. Line-of-sight effects and the impact of perturbations are typically small, changing the quantities of interest only on the order of a few percent. Similar to the situation in GR, a suitable TeVeS lens model therefore needs substantially more mass as well as a special density distribution in the cluster's core region.
Based on the above results, we have further outlined a general and systematic approach to cluster lenses which significantly reduces the problem's complexity by avoiding the need of solving the TeVeS scalar field equation. Combined with conventional lensing tools, this opens a new window to strong gravitational lensing in TeVeS-like modified gravity theories. As a first application, we have explored the TeVeS analog of the bimodal lens configuration discussed in Ref. [117] . For this model, we have derived the SN distribution necessary to produce the desired image, using a simplified approach. The obtained SN density profile has then been compared to the maximally allowed contribution set by the TG phase-space constraint. To this end, we have estimated the maximal density due to the TG limit following the prescription of Ref. [83] and found a slight excess of this limit for the model's secondary component if its core radius is small (r C 8 − 9 ). For less compact models, however, the TG bound is not violated. Given the accuracy of our current analysis, we therefore conclude that the bimodal TeVeS lens model appears consistent with the hypothesis of 11eV SNs.
Note that the bimodal lens model ignores the contribution of galaxies. As has been shown, these can have a significant impact on the lensing maps. A more realistic approach, including all visible components and other lensing constraints, should be taken into account to obtain better bounds on the required SN distribution and to check whether such configurations remain consistent with respect to the TG limit. Future work should address more accurate ways of estimating the TG limit in this context, and we suggest extending the investigation to other massive galaxy clusters which indicate the need for dark substructure. Unless one considers different solutions to the missing mass problem inherent to this particular kind of modifications (see, e.g., Ref. [18] ), the basic approach presented here should apply to any class of tensorvector or tensor-vector-scalar theory which recovers the dynamics of MOND in the nonrelativistic limit. Lensing by galaxy clusters could therefore provide an interesting discriminator between CDM and such modified gravity scenarios supplemented by SNs. In addition to the above, we note that next-generation neutrino experiments [141] [142] [143] will further constrain the plausibility of 11eV SNs. Even if they remain viable candidates, it still needs to be seen whether such SNs do actually cluster in the desired way [83] .
Finally, we advert to the fact that our analysis neglects possible contributions due to perturbations of the TeVeS vector field U µ . Such contributions are known to be crucial for the formation of large-scale structure [50, 51] , where they provide the key to enhanced growth while perturbations of the scalar φ only play a subordinate role. As already pointed out in the literature [93] , this typically affects scales 0.1 − 1Mpc and could be important for galaxy clusters. Owing to the more sophisticated structure of the field equations, however, even a rough magnitude of the vector's impact on these scales has not been estimated yet. Thus our work emphasizes the need for a quantitative description of these vector instabilities on small to intermediate scales, i.e. ∼ 0.01 − 1Mpc. We also note that the result of such an analysis could strongly depend on the particularly assumed theory.
Despite the previously mentioned limitations of the present work, our numerical simulations are probably by far the most detailed in the context of TeVeS and certainly provide the first extensive study of strong lensing features within this modified gravity framework. Applications of our grid-based lensing code (e.g. with respect to offsets between visible matter and weak or strong lensing features [91, 144] ) hold the promise of very constraining limits on TeVeS(-like) theory combined with HDM and other unified recipes for the dynamics of MOND and DM [18, [145] [146] [147] . To derive a reasonable model for the gas distribution in A2390, we use the results given in Ref. [106] . The intrinsic electron density derived from CHANDRA observations (shown in Fig. 10 of Ref. [106] ) can be well described by a spherical profile of the following form:
where n 0 = 0.1cm −3 and r 0 = 10kpc. Assuming a mean molecular weight of w = 0.6 and an additional factor of 1.2 to account for the global effect of the cluster's stellar components, we thus obtain an expression for the effective central density profile with a central density of ρ 0 = 1.8 × 10 6 M kpc −3 . Since the volume integral of Eq. (A1) diverges, we smoothly cut the profile at radius R within a range of 200kpc. The cutoff scale is set to R = 1Mpc which corresponds to 0.7r 500 [148] as given in Ref. [108] . This yields a total integrated mass of M ∼ 1.3×10 14 M and a surface density profile which is in good agreement with a 10 − 20% gas fraction of the enclosed projected lensing mass estimated in the framework of GR [110, 112] . The density distribution specified by Eq. (A1) is illustrated in Fig. 2 (dotted line) .
Although our choice for the density profile is less accurate and results in a slightly smaller mass than typical β models [106, 117] or more flexible ones [108] , it will be sufficient for our analysis. As is shown in Sec. IV B, the relevant lensing mass is mostly dominated by the contribution of SNs. Thus the strong lensing results, which we are primarily interested in here, will be relatively insensitive to the actual assumption of the central baryonic distribution. Adopting the more realistic density models above in a few selected simulation runs, otherwise identical to those presented in Sec. V, we find only small differences on the order of a few percent in the corresponding results and confirm our argument. This is also indicated by comparing the enclosed projected dynamical mass profiles of our cluster model (gas + SNs) to the Navarro-Frenk-White (NFW) profile [149] estimated in Ref. [108] (see Fig. 13 ). Although the TeVeS model underestimates the mass, the discrepancy from the NFW model is only about 10% at the arc's position (θ ≈ 38 ). In addition, the figure shows the weak lensing results obtained from the Canada-France-Hawaii Telescope (CFHT) for a photometric redshift distribution based on the CFHT Legacy Survey data [112, 150] . The relative good agreement between dynamical and weak lensing mass estimates further implies that structure along the line of sight plays no significant role and does not affect our analysis. All presented quantities have been corrected for the cosmological model specified in Sec. II B. Note, however, that a rather accurate description of the gas density as well as its temperature profile is important to estimate the neutrino content necessary for hydrostatic equilibrium in TeVeS [83] .
Galaxy morphology and masses
Since a rather detailed model of the cluster might be important in TeVeS, we also need to take the contribution of individual galaxies into account. For simplicity, we only consider the most massive member galaxies in the immediate vicinity of the straight arc's observed position; galaxies which are located farther away are unlikely to affect the TeVeS lensing maps in this region, which is confirmed by our results presented in Sec. V. Although A2390 exhibits a rich class of galaxy morphologies, with many galaxies showing elliptical or lenticular shapes, the impact of individual morphologies on the arc's environment can safely be neglected due to the galaxies' sufficiently large distances. While this is not necessarily true for the galaxy 2592 (see Fig. 1 ) which resides directly adjacent to the arc, a spherical density model provides a good description, which is indicated by the rather mild ellipticity seen in the optical HST image. As can be seen in Sec. V, this approximation does not affect the basic results of our analysis -at least in the case of quasiequilibrium configurations.
Furthermore, we assume that all considered galaxies can be modeled by a matter distribution of the form
where ρ(0) = M/(2π r 2 H ) is the central matter density, and the profile's core radius is universally set to r H = 3kpc. The length scale corresponds to a smoothing parameter becoming necessary due to the limited resolution of our simulations and is specified in App. B 2. For = 0, Eq. (A2) reduces to the well-known Hernquist profile [132] which closely approximates the de Vaucouleurs R 1/4 law for elliptical galaxies. To infer the masses of individual galaxies, needed for our strong lensing analysis, we consider the data of the spectrophotometric catalog compiled in Ref. [123] , which lists magnitudes for 48 galaxies inside the cluster A2390. All magnitudes are given in the Gunn r band [151] , and a simple formula [152] to convert the R Johnson magnitude and the B − V color index to the Gunn r band can be found in the literature [153] . Accordingly, we have computed r , the Gunn r magnitude of the sun, adopting R = 4.42 [154] and (B − V) = 0.64 [155] . We have found r = 4.95 which is rather close to the r value inferred from SDSS, the corresponding band being quite similar to the Gunn r band. Our result for r has then been used to evaluate the absolute luminosities of the galaxies given in Ref. [123] .
Next, we need a realistic mass-to-light ratio (M/L) in order to determine the galaxy masses. To this end, we have followed a twofold approach: First, we have adopted a constant M/L derived by combining the relation between M/L and the g − r color index presented in Ref. [156] with the g − r colors for massive ellipticals in the red sequence of the SDSS given in Ref. [157] . The corresponding masses are labeled as M 1 . Second, we have also considered M/L as a function of M in agreement with the results for the galaxies of A2390 discussed in Ref. [123] . For this, a dynamical mass estimate based on measured velocity dispersions was used. As elliptical galaxies are mostly subject to the strong gravity regime within their half-light radius, however, estimates in both MOND/TeVeS and Newtonian dynamics should be roughly the same. This second mass estimate, denoted as M 2 , is probably more reliable since it involves fewer assumptions. The properties of the such obtained galaxy models are listed in Table I .
Role of the central cD galaxy
Assuming an equilibrium model for A2390, it has been found that 11eV SNs reach their densest possible configuration for r 20kpc (see Sec. IV B). Since Eq. (27) takes the TG bound into account, our cluster model misses some mass in the central part and does not correspond to a genuine equilibrium situation. A way of compensating for this is to consider an additional contribution due to the central cD galaxy. Following the lines of Ref. [83] , one can estimate a total galaxy mass of approximately M = 1.8 × 10 12 M . As the central region of A2390 is neither spherically symmetric nor in equilibrium [106, 108] , it is important to note that such an approach has no real physical meaning, but rather offers a convenient way to tweak our cluster model. What does the above mean for our lensing analysis? Modeling the cD galaxy as a point mass, a straightforward calculation shows that its impact on the TeVeS lensing maps can be safely neglected. At the position of the straight arc (38 or 140kpc from the cluster center), the additional matter gives rise to changes of 1 − 2%. Moving to smaller radii, the deviation grows, but we are not interested in this region anyway. Thus we consider the cluster model presented in Sec. IV as sufficient for our investigation.
Appendix B: Numerical tools and setup
Solving the scalar field equation
Having set the framework of gravitational lensing and cosmology in Sec. II, we may proceed with calculating the desired TeVeS lensing maps. The main problem associated with this task is to solve the scalar field equation specified in Eq. (5) which can be rewritten as
where the effective densityρ(ρ,
and indices run from 1 to 3. Equation (B1) corresponds to a nonlinear second order elliptic boundary value problem and can be tackled numerically. A Fourier-based solver employing an iterative relaxation scheme and an equidistant grid has been presented in Paper I where the basic algorithm and involved approximations are extensively discussed. One of the numerical challenges of our analysis is that we need to resolve galactic scales in a cluster-wide box, which requires a relatively large number of grid points. Since all calculations have to be performed in three dimensions, this clearly exceeds the capacity of a single-processor machine, in terms of both needed time and memory, and therefore calls for a more powerful computer architecture. For this reason, we have implemented a parallel version of the original solver using the Message Passing Interface (MPI) standard. The parallelization as well as all calculations presented in this work have been carried out on the HUYGENS supercomputer at SARA in Amsterdam within the HPC-EUROPA Transnational Access Programme. The HUYGENS system consists of 104 nodes, with 16 dual core processors (IBM Power6, 4.7 GHz) as well as either 128 GBytes or 256 GBytes of memory per node, thus providing an excellent environment for our needs.
The parallel solver has been tested with analytic TeVeS models such as the Hernquist lens (see, e.g., Ref. [56] or Paper I), and has also been compared to previous calculations for the "bullet cluster" (Paper I), yielding exactly the same results -up to machine accuracy -as the serial version for identical input parameters. Considering the numerical setup for A2390, we choose a physical box size of V = d 3 = (4Mpc) 3 in order to meet the requirements of the point lens approximation at the grid's boundaries (for details see Paper I). Performing a variety of test runs, we have found that the solver's convergence property quickly deteriorates if we increase the number of grid points per dimension N, meaning that the code takes many iteration steps or even fails to converge [158] . Typically, this problem already occurs at N = 512 and manifests itself through extreme fine-tuning of the constant relaxation parameter ω which determines the scalar's mixing of at each iteration step,
Depending on the particularly used density model of the cluster, acceptable values for ω vary within a range of 0.7 − 0.9, but allow them to be easily identified just after a few iterations.
Compared to the analysis of Paper I, we thus obtain no universal value for the relaxation parameter. Similarly, we also note that the solver's behavior becomes more sensitive with respect to the scalar's initial guess. This is expected because the effective deviation from the desired solution increases with N, and can usually be accounted for by slightly modifying the original point mass ansatz of Paper I to achieve a finite core, φ (0) (r) ∝ log(r + r c ),
where r c is on the order of a few d/N. While more elaborated guesses are also possible, they typically do not yield a much better performance.
Numerical setup for A2390
In all simulation runs, we set the number of grid points per dimension to N = 896. This yields a resolution of approximately 1.2 (∼ 4.5kpc) for our choice of d = 4Mpc. To improve the numerical stability of our Fourier solver, we further require all density components to be centered within their respective subcube, which can lead to a maximal deviation of 0.6 from the positions listed in Table I . In addition, we assume a smoothing parameter = 1kpc for the galaxy profile given by Eq. (A2). Once the desired fields and derivatives are calculated, we use a cubic spline to interpolate our results and determine the relevant lensing quantities. For the given specifications, individual simulation runs typically require 30 − 50 iteration steps to converge, and can last up to 24 hours using 32 processors.
The interpolation approach is justified because the exact result is expected to be relatively smooth. To support this argument, we performed a small numerical experiment: Assuming an aperture mass of 3.5 × 10 11 M within a 3 (∼ 11kpc) diameter and the parameters from above, we compared the predicted critical curves of an isolated galaxy given by Eq. (A2) for low resolution (∼ 1.2 ) with subsequent interpolation to those calculated for a higher resolution setting (∼ 0.05 ). Choosing a lens and source redshift of z l = 0.23 and z s = 1, respectively, the results are shown in Fig. 14 . While the radial critical curve is not very well recovered, the radius of the tangential critical curve, which is relevant for our considerations on the straight arc [159] , is only underestimated by roughly 10% on average. Considering the full cluster model of A2390, however, galaxies are not isolated, but reside within the cluster's background field, which leads to a boost of their corresponding Einstein radii. Therefore, we expect the accuracy of the calculated lensing properties, including critical curves and caustics, to be significantly improved and sufficient for our analysis in this case.
